
Afr. J. Comp. &  ICT                                   Oluwade, Galois Group of Polynomials    21 

Vol. 3, Nos.1 & 2, 2010, pp. 21 -  27  

ISSN 2006-1781 

 

 

 

THE GALOIS GROUP OF THE CHEBYSHEV POLYNOMIALS 

OF THE FIRST KIND OF PRIME DEGREE 
 

 

 

‘Dele Oluwade 

Department of Computer Science, 

Salem University, 

Lokoja, Kogi State, 

Federal Republic of Nigeria 

Email: bamideleoluwade@computer.org 

 

Received 2
nd

 August, 2009 

 

  

 

 

ABSTRACT 

 

The Galois Group of a polynomial p(x) is a 

group associated with p(x). It is a discrete 

structure arising from the algebraic Galois 

Theory of Equations. The Galois Group 

provides a connection between the algebraic 

theories of fields and groups. There is a 

close relationship between the roots of a 

polynomial and its Galois Group, to wit, the 

Galois Group of a polynomial refers to a 

certain permutation group of the roots of the 

polynomial. In this paper, it is shown that 

the Galois group of the Chebyshev 

polynomials of the first kind of prime degree 

over the field of rationals (a field of zero 

characteristic) is isomorphic to the cyclic 

group of order two. The result is established 

via the concept of a splitting field. 
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I. INTRODUCTION  

 

The Galois Group of a polynomial p(x) is a 

group associated with p(x). It is a discrete 

structure arising from the Galois Theory of 

Equations, which is due to the French 

scientist, Evariste Galois (1811 – 1832). The 

Galois Group provides a connection 

between the algebraic theories of fields and 

groups. There is a close relationship 

between the roots of a polynomial and its 

Galois Group, to wit, the Galois Group of a 

polynomial refers to a certain permutation 

group of the roots of the polynomial [8]. 

Algorithms [e.g. see 6, 7] and application 

software (e.g. MAPLE) exist for computing 

the Galois Group of a polynomial. 

 

In a much earlier work, Schur [16] derived 

relations for the Galois Group of the 

exponential Taylor polynomials and showed 

that: 

 

G (K, F) =      An if n  0 (mod 4) 

                       Sn                  otherwise 

 

where Sn is the symmetric group on n letters 

and An the alternating group of degree n.  

This result was re-established by Coleman 

[5] using the concept of p-adic Newton 

polygons.  The Galois Groups of the 

generalized Puiseux expansions and of 

periodic points are respectively discussed in 

[12] and [19] whilst some results on the p –

adic theory of exponential sums are 

presented in [17]. 

 

The Galois Group structure of the 

Chebyshev polynomials of the first kind 

over a field of characteristic p (where p is a 

prime) has been directly or indirectly 

investigated by various authors including  
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Cohen [4], Matthew [10], Niederreiter [13] 

and Abhyankar [1].  In [2], it was shown 

that various finite classical groups can be 

realized as Galois Groups of specific 

concrete polynomials using the theorems of 

Cameron and Kantor. To the best of the 

author’s knowledge, there is hitherto no 

published result on the Galois Group of the 

Chebyshev polynomials (of the first kind) 

over a field of zero characteristic.   

 

In this paper therefore, the splitting field of 

the Chebyshev polynomials of the first kind 

of prime degrees over a field of zero 

characteristic (the rationals Q) is first 

deduced, and then it is shown that the Galois 

Group of these polynomials over Q is 

isomorphic to the cyclic group of order two.  

Joint properties of the Chebyshev 

polynomials of the first and second kinds 

can be found in [18]. 

 

II. PROPERTIES OF THE  

CHEBYSHEV POLYNOMIALS OF 

THE FIRST KIND 

 

The Chebyshev polynomials of the first kind 

of degree r, Tr (x), are generally defined by 

[11]. 

 

Tr(x)  = (x + √x
2
 – 1)

r
  +  (x - (x

2
 – 1)

r
 

   2 

(2.1) 

          

The polynomials also satisfy the recurrence 

equation [8] : 

 

Tr +1(x) = 2x Tr (x) – Tr-1 (x)  

    

(2.2) 

 

and are defined in the interval [1,1] 
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The zeros of the polynomials are given by 

[9]. 

 

xj 
(r)

  = Cos ( 2j – 1)         (2.3) 

                        2r 

where j  = 1 , 2, …, n. 

 

Other algebraic and number theoretic 

properties of Tr (x) include the following [3, 

14]: 

 

(i)      Tr(x) is irreducible over Q (the 

rationals) only if r = 2
k
 where k = 

0, 1, 2, … 

 

(ii)      T2j + 1 (x) is reducible over Q 

where j = 1, 2, …. 

 

(iii)     Tr (Ts)  = Ts (Tr) 

 

(iv)      Tr (Ts(x)) = Trs (x) 

 

(v)      If r ≥ 2, then only the Chebyshev 

polynomials of the first kind can 

commute with a given Tr(x) 

 

(vi)       The leading term in Tr (x) is 

always 2
r-1

 x
r
 

 

(vii) |Tr (x)|  ≤ 1 

 

(viii) Tr (xv)  = (-1)
v
 

 

(ix)       If x  N (set of natural numbers) 

and p is an odd prime, then Tp(x) 

 T1(x) (mod p) 

 

 

It can be noted that (iii) and (iv) are 

respectively the commutative and semigroup 

property of Tr(x) whilst (ix) is the Fermat’s 

Theorem for the Chebyshev polynomials. 
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III. GALOIS GROUP 

 

In this section, the main results on the 

Galois Group of the Chebyshev polynomials 

of the first kind over a field of zero 

characteristic, Q, is presented. The results 

revolve round the concept of a splitting field 

[8, 15]. 

 

Definition 3.1 

 

Let F[x] be the field of polynomials in the 

indeterminate x and f(x)  F[x]. Then a 

finite extension K of F is said to be a 

splitting field over F for f (x) if f(x) can be 

expressed as a product of linear factors over 

K but not over any intermediate field 

between F and K.   

 

Remark 3.2 

 

Given any polynomial f (x) over a 

fundamental field F [x], a splitting field K 

for f (x) over F (in which f(x) has n zeros) is 

always guaranteed such that [K,F] ≤ n   

where [K,F] is the dimension of the vector 

space K over F. 

 

Definition 3.3 

 

A field F is said to be of characteristic zero 

if nx  0  x  0, n > 0, where x  F and n 

 Z (the set of integers).  If  n > 0 such that 

nx = 0  x  F, then F is said to be of finite 

characteristic. 

 

Theorem 3.4 

 

Let p, q be primes.  Then 

 

  √(x1 + y1√(p
r
q

s
))  x2 √q

t
 + y2√p  
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where x1, y1, x2, y2  R (the set of real 

numbers) and r, s, t  N (the set of natural 

numbers) 

  

Proof 

  

By squaring the LHS of the equation: 

  

x1
2
+y1

2
p

r
qs+2x1y1√(p

r
q

s
)
 
                                  

         

Similarly, the RHS becomes 

 

             x2
4
q

2t
 + y2

4
  p + 2x2

2
y2

2
 q

t
 

 

By putting x1 = y2√
p, y1 = x2

2
 , p

r
  =  q

t
 and s 

= t, the result follows. □  

 

Theorem 3.5 

 

Let Tr (x) be the Chebyshev polynomials of 

the first kind of prime degree p.  Then the 

splitting field K of Tr (x) over Q (the 

rationals) is 

 

 K = Q√p  

 

Proof 

 

This follows from the fact that the zeros of 

the polynomials are given by : 

 

xj (r)    =  Cos ((2j  1)/2r) 

         

where  j =  1,2, …, n.  □ 

 

Definition 3.6 

 

The Galois Group G(K,F) of a polynomial 

f(x)   F[x] in which K is the splitting field 

over F is the group of all the automorphisms 

of K which leaves every element of F fixed. 
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Theorem 3.7 

 

Let F = Q be the fundamental field and K 

the splitting field of Tr (x), the Chebyshev 

polynomials of the first kind of prime 

degree. Then the Galois Group G(K,F) of   

Tr(x) is isomorphic to the cyclic group of 

order 2. 

 

Proof 

 

By Theorem 3.4,  K = Q(  ).  Let  be an 

automorphism of K. Now, 

 

 Q ( ) = { a + b   : a, b  R } 

 

And so (  )  =    where R is the set 

of real numbers. 

 

Suppose  (a) = a and  (b) = b  a, b   R 

 

Then 

 

 (a  + b ) = (a) + (b ) 

 

                        =  (a) + (b) ( ) 

             = a b  

 

i.e.  1  = (a  b )  =  a + b   and 

 2 (a + b ) = a    b  

 

where 1 is the identity automorphism. 

 

 G (K,F) = { 1, 2} and so   G(K,F)   = 2 

 

Hence the result, since  only 1 group of 

order 2 up to isomorphism.  □ 
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IV. CONCLUSION 

 

It has been shown in this paper that the 

Galois Group of the Chebyshev polynomials 

of the first kind over the field of rationals Q 

is isomorphic to the cyclic group of order 2 

when the degree of the polynomials is 

prime. This result was deduced directly from 

a consideration of the splitting field of the 

polynomials over Q.  
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