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ABSTRACT 

 In this paper, the variational properties of 

face images are investigated with the 

objective of proposing suitable algorithms 

and technique for enhanced optimal face 

recognition system design. Ten different 

face image samples each of forty-eight 

different individuals taken under different 

light intensities were processed. The 

resulting four hundred and eighty face 

image samples were split into a training set 

which constitutes the database of known 

face images and a test set which constitutes 

unknown faces. The first face images of 

each of the forty-eight individuals were 

evaluated and analyzed using thirteen 

different mathematical algorithms available 

from MATLAB® image processing toolbox. 

The results of the analyses show significant 

differences for all the face image samples 

considered. Based on the results from the 

face image analyses; two algorithms: 1) the 

principal component analysis (PCA) and 2) 

the eigenfaces were proposed. The two 

algorithms were applied simultaneously for 

enhanced optimal face recognition, where a 

particular face must satisfy the two 

algorithms for recognition. The simulation 

results show that the proposed face image 

evaluation techniques as well as the 

proposed PCA and the eigenfaces 

algorithms recognizes a known face image 

or rejects an unknown face based on the 

database contents to a high degree of 

accuracy. The combination of the proposed 

face recognition strategy can be adapted for 

the design of on-line real-time embedded 

face recognition systems for public, private, 

business, commercial or industrial 

applications. 

Keywords: Eigenfaces, face image 

evaluation, principal component analysis, 

variational properties.
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I.  INTRODUCTION 

Faces and fingerprints recognitions have 

become an interesting field of research in 

recent times due to the increased identity fraud 

in our society reaching unprecedented 

proportions. To this end much emphasis and 

research have been placed on emerging 

algorithms and automated technologies for 

face and fingerprint identification and 

recognition. Ideally a face or fingerprint 

detection system should be able to take a new 

face or fingerprint and return a name 

identifying that person if the person exists in 

the database, or return an error of non-

existence if there is no correspondence of such 

face or fingerprint. Statistically, faces and 

fingerprints can also be very similar. Using 

standard image sizes and the same initial 

conditions, a system can be built that looks at 

the statistical relationship of individual pixels; 

so that from signal processing point of view, 

the face and fingerprint recognition problem 

boils down essentially to the identification of 

an individual based on an array of pixel 

intensities and in addition to whatever 

information can be gleaned from the image to 

assign a name to the unknown set of pixel 

intensities. Characterizing the dependencies 

between pixel values becomes statistically a 

digital signal processing problem. 

The theoretical foundations of digital signal 

processing were laid by Jean Baptiste Joseph 

Fourier [1]. Major theoretical developments in 

digital signal processing theory were made in 

the 1930s and 1940s by Nyquist and Shannon, 

among others (in the context of digital 

communication) and by the developers of the 

Z-transform (notably by Zadeh and Ragazzini 

in the West, and Tsypkin in the East) [2], [3]. 

The history of applied digital signal 

processing (at least in the electrical 

engineering world) began around the mid-

1960s with the invention of the fast Fourier 

transform (FFT) [2], [4]. However, its rapid  
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development started with the advent of 

microprocessors in the 1970s [5], [6]. In the 

present discussion, for space limitation and 

simplicity, we shall limit our investigations to 

face recognition since it might be possible to 

apply the proposed algorithms and techniques 

to fingerprints. 

Several approaches to the overall face 

identification and recognition [7], [8], [9] 

problems have been devised over the years 

with considerable attention paid to methods by 

which effective face identification and 

recognition can be replicated. The intuitive 

way to do face recognition is to look at the 

major features of the face and compare them 

to the same features on other faces. Extensive 

research in face statistical data compression 

technique using principal component analysis 

(PCA) technique [10], face features 

comparisons and recognition based on the 

eigenfaces technique [11], and the direct face 

classification scheme using discrete cosine 

transform (DCT) coefficients [12], [13] have 

been reported. In [14], a comparative study of 

face recognition algorithms has been 

conducted and several issues such as: 1) 

preprocessing and cropping of the faces to 

equal and consistent sizes, database creation 

for the preprocessed images, and 2) a major 

problem in the amount of light intensity on the 

original face images have been reported. The 

comparison of the eigenfaces algorithm with 

the fisherfaces algorithm [15], [16] have also 

been reported; where it has been 

recommended that both algorithms can be 

used for accurate face recognition results 

except with higher computational load in the 

later which might limit its application in real-

time systems. In addition to the above issues, 

the face data compression techniques has 

provided additional challenges to the face 

identification and recognition problem such 

as: 1) generating worse face images which are 

different from the original image [10], and 2) 

the difficulties associated with the restoration  
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Fig. 1.  Original face image (OFI) samples. 
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of the original face image leading to the 

inclusion of color information. This second 

problem has led to the new fractal image 

encoding research fields [17], [18], [19]. 

In general, the face identification and 

recognition problem becomes more 

complicated and computationally intensive as 

the number of the face images increases 

especially when used in real-time [20]. As 

reported in [11], a 90% success in face 

recognition is achieved using the eigenfaces 

algorithm and this algorithm has been widely 

used in research papers [20], [21], [22] but 

with greater light intensity on well-taken face 

images. 

In the present study, we seek to investigate 

the variational properties of face images for 

enhanced optimal identification and 

recognition by evaluating the statistical data 

derived from a well-reduced form of each of 

the original face images under different 

angular positions and light intensities. Based 

on the results of the evaluation we propose 

two algorithms based on the: 1) PCA and 2) 

eigenfaces algorithms. 

The rest of the paper is organized as 

follows: In Section II we present the material 

and methodology employed in this study. The 

evaluation algorithm, its analysis and results 

are also presented in this section. The 

proposed PCA and the eigenfaces algorithms 

are formulated in Section III. The applications 

of these two algorithms for enhanced face 

recognition together with their results are 

given in Section IV. A brief conclusion and 

recommendation are presented in Section V. 

 

II. FACE IMAGE PROCESSING, 

EVALUATION AND ANALYSIS 

A. Materials and Methodology for Obtaining 

the Faces 

The material employed in this study were 

four hundred and eighty (480) joint 

photographic expert group (JPG) face image 
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 samples, shown in Fig. 1) taken with a 

Samsung® DIGIMAXS500/CYBER530 

digital camera [23]. The 480 face image 

samples consist of 10 different face samples of  

48 individuals (students) taken at The Federal 

University of Petroleum Resources, Effurun,  
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Delta State, Nigeria. Out of the 480 face 

image samples, the first 75% (360 face 

images) shown in Fig. 1 were used to form the 

database of known faces images while the 

remaining 25% (120 face images) were 

reserved for investigating the performance and 

validation of the proposed face recognition 

algorithms. Due to space limitation, only the 

first out of the 10 face image samples for each 

of the 48 individuals are shown here. The 

proposed evaluation algorithm in this study 

are written, compiled and analyzed using 

MATLAB® 2009a from The MathWorks Inc. 

[24] software running on an Inter® Core™ 

Duo CPU E6750@2.67GHz computer on a 

Windows™ XP platform. 

 

B. Processing of the Face Images  

The processing of images is necessary to 

enhance fast and accurate image identification 

and recognition. Moreover, when the numbers   

face images are relatively large, each face 

image must be pre-processed by reducing its 

size and converting the image to a format 

requiring less memory storage capacity. In 

other to reduce the memory consumption for 

storing the face images, all the JPG face 

images were converted and resized to portable 

graymap (PGM) images of height 114 pixels 

and width 114 pixels, filtered to remove noise 

using an adaptive Wiener filter (AWF), and 

finally resized from their original height 640 

pixels and width 480 pixels to 114 by 114 

pixels respectively. 

The PGM filtered and resized face images 

were then used for analysis in other to identify 

and recognized any face image within the 

database. The pre-processed face images 

(PPFI) used for analysis are the shown in Fig. 

2 (note: rather than presenting all the 480 face 

image samples used in this work, only the first 

out of the ten face images for each of the 48 

individual is shown in Fig. 2 for space 

economy). The pre-processing algorithm for  
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the face images are given in number one 

through number six in the algorithm of 

TABLE I. In the following subsection we 

present the evaluation algorithms used in the 

analysis of each face image. 

 

TABLE I 
 

THE FACE IMAGE EVALUATION ALGORITHMS USING 

MATLAB® 

 

% 1. Load the known face image from database 

(Only once for faster comparison) 

load image1_facedb % Face database 

load image2_pca % PCA data database 

 

% 2. Incoming face image (INFI) for recognition. 

In this study, this image is randomly from the 

480 original face images (OFI) in terms of 

their number sequence between 1 and 480. 

src_face = input('Please enter any number 

between 1 and 480 to recognize image =  '); 

 

% 3. Evaluate the input face image identity 

number to check if it is within the database 

limit. Otherwise prompt the user to enter a 

valid identity number. 

Image5_evalsrc; 

 

% 4. Convert the JPG face images to PGM to reduce 

storage memory requirements and display result. 

i_face = imread(strcat('face',num2str(inface), 

...'.JPG'));  

imwrite(i_face,'I_Fac.pgm');  

I_Fac = imread('I_Fac.pgm'); 

figure(1), imshow(i_face); title('OFI ##'); 

 

% 5. Filtering and resizing the PGM face images. 

AWF_Face = wiener2(I_Fac,[3 3],0.8); 

rf_Face  = imresize(AWF_Face,([114 114); 

figure(2), imshow(rf_Face), 

title('PPFI ##') 

  

% 6. Reshape the filtered image matrices to 

comply with MATLAB's toolboxes for 

analysis.  

[DIM, LEN] = size(rf_Face); nn=3; 

re_Face    = reshape(rf_Face,DIM*LEN/nn,nn); 

LEN_re     = length(re_Face); 

new_reFace = double(re_Face); 

  

% 7. Analysis of the PPFI for each face image. 

STD_Face   = std(new_reFace,1,2); 

M_Face     = mean(new_reFace); 

S_Fcae     = sum(new_reFace); 

SVD_Face   = svd(new_reFace); 

DCT_Face   = dct2(new_reFace); 

VAR_face   = sqrt(sum(new_reFace.^2)/LEN_re); 

FFT_Face   = fftshift(new_reFace,1); 

Q_Face     = detrend(new_reFace,'linear','true'); 

drf_Face   = double(rf_Face); 

[VEC,VAL]  = eig(drf_Face); 

CVM_Face   = cov(new_reFace); 

VCVM_Face  = diag(cov_face);               

  SDCVM_Face = sqrt(diag(cov(new_reFace); 
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Fig. 2.  The pre-processed and AWF face images (PPFI) samples.  
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Due to the fact that our ambition in the 

present investigation is high, we wish to stress 

here that the face images were not cropped so 

as to focus only on the foreface as can be seen 

in Fig. 1. This is to allow for the investigation 

and verification of the efficiency of the face 

identification and recognition strategies 

proposed in the present study; where a 

particular face sample can be taken amidst a 

crowd, criminal scenes or abnormal scenarios 

either with full light intensity and vice versa. 

 

1) Evaluation of the Face Images using 
MATLAB® 

 

Each of the face images were analyzed 

using thirteen different analysis algorithms 

available from MATLAB® in other to deduce 

the distinguishing and variational properties of  

each face image sample based on the results of 

their analysis. The thirteen variational 

properties investigated are summarized by the  

MATBLAB® algorithms listed in number 

seven of TABLE 1 namely: standard deviation 

(STD_Face), mean (M_Face), summation 

(S_Face), singular value decomposition 

(SVD_Face), discrete Fourier transform 

(DCT_Face), basic variance (VAR_Face), fast 

Fourier transform (FFT_Face), compute the 

residual by subtracting the column mean from 

each column of the face image matrix 

(Q_Face), eigenvectors (VEC) and  
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eigenvalues (VAL), covariance matrix 

(CVM_Face), variance of the covariance  

TABLE II 
 

RE-ANALYZING THE ANALYTICAL RESULTS OF NUMBER 6 IN 

TABLE I FOR DISTINGUISHING PROPERTIES BETWEEN IMAGES 

 

STD_anal   = mean(STD_Face);      % For Fig. 3(a) 

M_anal     = mean(M_Face);        % For Fig. 3(b) 

S_anal     = mean(S_Face);        % For Fig. 3(c) 

SVD_anal   = mean(SVD_Face);      % For Fig. 3(d) 

DCT_anal   = sum(mean(DCT_face)); % For Fig. 3(e) 

VAR_anal   = mean(S_face);        % For Fig. 3(f) 

FFT_anal   = mean(mean(FFT_Face));% For Fig. 4(a) 

Q_anal     = sum(diag(Q_face));   % For Fig. 4(b) 

EVEC_anal  = sum(diag(Vec_face)); % For Fig. 4(c) 

VAL_anal   = sum(mean(Val_face)); % For Fig. 4(d) 

CVM_anal   = mean(mean(CVM_Face));% For Fig. 4(e) 

VCVM_anal  = mean(VCVM_Face);     % For Fig. 4(f) 

SDCVM_anal = mean(SDCVM_Face);    % For Fig. 4(g)   
 

 

 

  



 

0 5 10 15 20 25 30 35 40 45 50
0

20

40

60

80

P
P
F
I 
a
v
e
ra

g
e
 S

T
D
_
_
F
a
c
e

(a)

0 5 10 15 20 25 30 35 40 45 50
50

100

150

200

250

(b)

P
P
F
I 
a
v
e
ra

g
e
 M

_
_
F
a
c
e

 

0 5 10 15 20 25 30 35 40 45 50
0

5

10
x 10

5

P
P
F
I 
a
v
e
ra

g
e
 S

_
_
F
a
c
e

(c)

0 5 10 15 20 25 30 35 40 45 50
6000

7000

8000

9000

10000

P
P
F
I 
a
v
e
a
rg

e
 S

V
D
_
_
F
a
c
e
s

(d)

 

0 5 10 15 20 25 30 35 40 45 50
0

2

4

6

P
P
F
I 
a
v
e
ra

g
e
 D

C
T
_
_
F
a
c
e

(e)

0 5 10 15 20 25 30 35 40 45 50
100

150

200

250

P
P
F
I 
a
v
e
ra

g
e
 V

A
R
_
_
F
a
c
e

(f)

One out of ten face image samples for 480 individuals

 

Fig. 3.  The first part of the analytical results of the evaluation algorithm 

of TABLE II. 
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Fig. 4.  The second part of the analytical results of the evaluation 

algorithm of TABLE II. 
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matrix (VCVM_Face), and STD of the  

covariance matrix (SDCVM_Face). These 

eleven parameters are selected because they 

form an integral part of the PCA, eigenfaces 

and eigenfisher algorithms for face 

recognition, image/signal processing and 

image data compression techniques. 

 

C. Analysis of the Face Images 

The analysis considered in the present study  
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for evaluating all the thirteen parameters to 

investigate the variational properties of the 

face images are summarized in TABLE 2. The 

analyses were performed on the face images 

shown in Fig. 2. The results of these analyses 

are presented in Fig. 3 (a) – (f) and Fig. 4 (a) –  
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(g). The graphs of Fig. 3 and Fig. 4 show the 

variations in the properties for each of the face 

image samples evaluated in Section II-C. The 

DCT_Face, Q_Face, and VEC results of Fig. 3 

(e), Fig. 4 (b) and Fig. 4(c) respectively show 

well distributed variations of the face images. 

Also the CVM, VCVM_Face and SDCVM of 

Fig. 4 (e), (f) and (g) respectively clearly 

distinguish each face image. 

 

 

III. THE FACE IMAGE EVALUATION AND 

RECOGNITION ALGORITHMS 

A. A. The PCA Algorithm Based on the SVD 

Algorithm 

Principal component analysis (PCA) is an 

orthogonal linear transformation tool that 

transforms data to a new coordinate system 

such that the greatest variance by any first 

coordinate (called the first principal 

component), the second greatest variance on 

the second coordinate, and so on [11], [25], 

[26]. PCA is theoretically the optimum 

transform for given data in least square terms 

and it involves a mathematical procedure that 

transforms a number of possibly correlated 

variables into a smaller number of 

uncorrelated variables called principal 

components. The first principal component 

accounts for as much of the variability in the 

data as possible, and each succeeding 

component accounts for as much of the 

remaining variability as possible [25]. The 

PCA is the simplest of the true eigenvector-

based multivariate analyses. Often, the PCA 

operation can be thought of as revealing the 

internal structure of the data in a way which 

best explains the variance in the data. 

Furthermore, PCA provides a strategy on how 

to reduce a complex data set to a lower 

dimension to reveal the sometimes hidden, 

simplified structure that often underlie it. 

Two methods, with their merits and  
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demerits, have been proposed in [25] for the 

evaluation of PCA using the: 1) covariance 

method and 2) correspondence analysis. Based 

on the results of the face evaluation 

recognition of TABLE I of Section II-C 

presented in Section II-D, we proposed a SVD 

algorithm which will utilize the properties of 

the covariance matrix to achieve faster and 

more concise computation of the principal 

components of the face images. In the 

following we present the SVD algorithm to 

facilitate the solution of the PCA algorithm. 

The mathematical intuition of the SVD is 

detailed in [26] and [27]. While the SVD 

formulated in [26] is directly related to PCA; 

the SVD formulation in [27] avoids PCA 

directly. The approach presented here 

combines ideas from [26] and [27].  

 

1) The formulation of the PCA Algorithm 

Given an arbitrary m n×  matrix Φ , the 

objective of the PCA is to find some 

orthonormal matrix P by constructing another 

matrix PΘ = Φ  such that 1

1

T

E n
C

−
≡ ΘΘ  is 

diagonalized. The rows of P are the principal 

components of Φ ; where m is the number of 

measurement types, n is the number of 

samples (measurement trials), and is the 
E

C  

covariance matrix (an explanation of 
E

C  is 

provided in Corollary 1 below). Thus, by 

rewriting 
E

C  as 

1 1 1
( )( )

1 1 1

1 1
( )

1 1

T T T T

E

T T T

C P P P P
n n n

P P PAP
n n


= ΘΘ = Φ Φ = ΦΦ − − −


= ΦΦ =
− − 

             (1) 

where T
A ≡ ΦΦ  and by APPENDIX II, A is a 

symmetric matrix. 

Then, by the theorems of APPENDICES III 

AND IV, we recognize that the symmetric 

matrix A is diagonalized by an orthonormal 

matrix of its eigenvectors. According to the 

theorem of APPENDIX IV, we can express A  
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as: 
T

A EDE=     (2) 

where D is a diagonal matrix and E is a matrix 

of eigenvectors of A arranged as columns. The 

matrix A has r m≤  orthonormal eigenvectors 

where r is the rank of the matrix A. the rank of 

A is less than m when A is degenerate or all 

data occupy a sub-space of dimension r m≤ . 

The issue of degeneracy is handled here to 

maintain the orthogonality, we select an 

( )m r−  additional orthonormal vectors to “fill 

up” the matrix E. we note that these additional 

vectors do not effect the final solution because 

the variances (see Corollary 1) associated 

with these directions are zero. 

To obtain the principal components (PCs) 

of Φ , we select the matrix P in (1) as a matrix 

where each 
i

p  is an eigenvector of T
A = ΦΦ . 

By selecting and substituting T
P E=  into (2), 

we obtain: 
T

A P DP=     (3) 

Using (3) and the theorem of APPENDIX I 

(i.e. 1 T
P P

− = ), we recomputed (1) as follows: 

1 1

1

1

1 1
( ) ( ) ( )

1 1

1 1
( ) ( )

1 1

T

E

T T T T

C PAP
n

P P DP P PP D PP
n n

PP D PP D
n n

− −


= = −




= 
− − 


= = − − 

 (4) 

As it is evident in (4), the choice of P 

diagonalizes 
E

C  as we desired. Finally, we 

summarize the PCA procedure as follows: 1) 

the PCs of Φ  are the eigenvectors of TΦΦ  or 

the rows 
i

p  of P; and 2) the th
i  diagonal of 

E
C  

is the variance of Φ  along
i

p . 

Thus, computing the PCs of Φ , reduces to 

1) subtracting off the mean of each 

measurement type; and 2) computing the 

eigenvectors of TΦΦ . 

 

2) The formulation of the SVD Algorithm 

Here, let Φ  be an arbitrary n m×  matrix and  
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TΦ Φ  be a rank r, square and symmetric m m×  

matrix. Also let 
1 2

ˆ ˆ ˆ{ , , , }
r

α α α…  be the set of 

orthonormal 1m×  eigenvectors (see 

APPENDIX IV second part for proof of 

orthonormality) with associated eigenvalues 

1 2
{ , , , }

r
λ λ λ…  for the symmetric matrix TΦ Φ  

such that ˆ ˆ( ) ;T

i i i
α λ αΦ Φ =  

i i
ς λ≡  are positive 

real and termed the singular values; and 

1 2
ˆ ˆ ˆ{ , , }

r
β β β…  be the set of 1n×  vectors defined 

by: 
ˆ ˆ(1 )

i i i
β ς α≡ Φ    (5) 

where i  and j  are the length of m. Before 

stating the last two additional properties 

required for deriving the SVD algorithm, it is 

necessary to first consider the Theorem below 

for the orthonormality and orthogonality 

properties of Φ . 

 

 

Theorem 1: 

 

For any arbitrary m n×  matrix ,Φ  the 

symmetric matrix TΦ Φ  has a set of 

orthonormal eigenvectors of 
1 2

ˆ ˆ ˆ{ , , , }
r

α α α…   and 

a set of associated eigenvalues 
1 2

{ , , , }
r

λ λ λ…  

(see APPENDIX IV). The set of vectors 

1 2
ˆ ˆ ˆ{ , , , }

r
α α αΦ Φ Φ…  then form an orthogonal 

basis (see APPENDIX I for proof), where 

each vector ˆ
i

αΦ  is of length
i

λ . Based on 

the dot product of any two vectors [26], we 

have the following: 

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ ˆ ˆ( )

T T T

i j i j i j

T

i j j i i j

α α α α α α

α λ α λ α α

Φ ⋅ Φ = Φ Φ = Φ Φ

= = ⋅
 

So that ˆ ˆ( ) ( )
i j j ij

α α λ δΦ ⋅ Φ =   (6) 

where j  is the length of n.  

Equation (6) arises due to the fact that the 

set of eigenvectors of Φ  is orthogonal 

resulting in the Kronecker delta
ij

δ . 

Alternatively, (6) can be expressed from [26] 

as: 
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ˆ ˆ( ) ( )
0

j

i j

i j

i j

λ
α α

=
Φ ⋅ Φ = 

≠
  (7) 

which states that any two vectors in the set are 

orthogonal. The second property arises from 

(6) by realizing that the length squared of each 

vector can be defined as [26]: 
2

ˆ ˆ ˆ( ) ( )
i i i i

α α α λΦ = Φ ⋅ Φ =   (8) 

 

 

 

With Theorem 1, we can define the following 

two properties (see also APPENDIX I for 

proof of orthogonality): 

1
ˆ ˆ

0
i j

if i j

otherwise
α α

=
⋅ = 


   (9) 

ˆ
i i

α ςΦ =     (10) 

Finally, we define the “value” version of SVD 

as a restatement of (5) which can be expressed 

as: 
ˆˆ

i i i
α ς βΦ =     (11) 

Equation (11) implies that Φ  multiplied by an 

eigenvector ˆ
i

α  of TΦ Φ  is equal to a positive 

scalar 
i

ς  times another vector ˆ
i

β . The set of 

eigenvectors 
1 2

ˆ ˆ ˆ{ , , , }
r

α α α…  and the set of 

vectors 
1 2

ˆ ˆ ˆ{ , , }
r

β β β…  can both be orthonormal 

sets or bases in r-dimensional space. 

To obtain the matrix form of the SVD, we 

begin by constructing the following three new 

matrices: Ψ, A and B as: 

1 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

r

ς

ς

 
 
 
 

Ψ =  
 
 
 
  

�

�

 (12) 

1 2

1 2

ˆ ˆ ˆ[ ]

ˆ ˆ ˆ[ ]

m

n
B

α α α

β β β

Α = 


= 

…

…
   (13) 

where Ψ  is a n m×  diagonal matrix with a few 

non-zero values 
1 2
, , ,

r
ς ς ς…  such that 

1 2 r
ς ς ς≥ ≥ ≥…  are the rank-ordered set of 

singular values; and matrices A and B are  
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m m×  and n n×  respectively and the 

corresponding vectors are indexed in the same 

rank order. To handle the issue of degeneracy 

in A and B, we append an additional ( )m r−  

and ( )n r−  orthonormal vectors to “fill up” the 

matrices for A and B respectively. 

The mathematical intuition behind the 

construction of the matrix forms of (12) and 

(13) is to express all the n “value” equations 

of (11) into a single invertible form; so that 

the matrix multiplication for all the vectors 

can be accomplished in a single n iteration. 

Each pair of associated vectors ˆ
i

α  and ˆ
i

β  in 

(13) are stacked in the th
i  columns along their 

respective matrices. The corresponding 

singular value 
i

ς  is placed along the diagonal 

(i.e. the th
ii  position) of Ψ  in (12). So that (11) 

degenerates into the following form 

expressible as: 

ΦΑ = ΒΨ     (14) 

where each column of A and B in (13) 

performs the “value” version of the 

decomposition using (11) subject to (10). 

Since A is orthogonal, multiplying both sides 

of (10) by 1 T−Α = Α  leads to the final form of 

the decomposition which can be expressed as: 
T

B AΦ = Ψ     (15) 

From (11), the SVD technique implies that: 1) 

any arbitrary matrix Φ can be converted to an 

orthogonal matrix B , a diagonal matrix Ψ  

and another orthogonal matrix A ; 2) the 

columns of matrix A contain the eigenvectors 

of TΦ Φ . 

In the following discussion, we consider the 

relationship between PCA and SVD; and then 

we present a summary of the procedure for 

computing the PCs of Φ  using SVD. 

 

3) The Principal Components of the SVD 

Algorithm 

Considering the original matrix m n×  data 

matrix Φ  such that we can define a new n m×  

matrix Θ  given below as: 
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1

1

T

n
Θ ≡ Φ

−
    (16) 

where each column of Θ  has zero mean. To 

obtain the PCA using the SVD described 

above based on (15), it is necessary to first 

express (16) as a symmetric matrix TΘ Θ  

which we express below as: 

1 1 1

11 1

T

T T T TT T

nn n

   
Θ Θ = Φ Φ = Φ Φ   

−− −   
 

So that 
1

1

T T

n
ΧΘ Θ = ΦΦ = Γ

−
  (17) 

where ΧΓ  (similar to 
E

C  in (1) and (4)) is the 

covariance matrix of Φ . From (15) and (17), 

it can be seen that T
A = Φ , 1/ ( 1)B n= −  

and Ψ = Φ . So that by computing the SVD 

of Θ , the columns of matrix A, as in (13), will 

give the eigenvectors of (17) that are the PCs 

of Φ  presented following the discussion of the 

corollary below. 

 

 

Corollary 1: 

 

Consider two sets of measurements with zero 

means which can be expressed as [26]: 

1 2
[ , , , ]

n
α α αΑ = …  and 

1 2
[ , , , ]

n
β β βΒ = …  

     (18) 

where the n denotes the numbers of trial 

measurements. The variance 2

A
ς  and 2

B
ς of A 

and B can be defined separately as: 
2 2 2 2

1 1
(1/ ) (1/ )

n n

A i B ii i
n and nς α ς β

= =
= =∑ ∑

 (19) 

The covariance between A and B can be 

generalized as [26]: 

2

1

1 n

AB i iin
ς α β

=
= ∑  

The covariance measures the degree of the 

linear relationship between the two variables 

A and B. A large positive value indicates 

positively correlated data while a large 

negative value denotes negatively correlated 

data. The absolute magnitude of the  
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covariance measures the degree of 

redundancy. Additionally properties of 2

AB
ς  

are: 1) 0
AB

ς = , if and only if A  and B are 

uncorrelated; and 2) 2 2

AB A
ς ς= , if A B= . 

By converting A and B into corresponding 

row vectors as 
1 1 2

[ , , , ]
n

φ α α α= …  and 

2 1 2
[ , , , ]

n
φ β β β= …  respectively; the covariance 

for the unbiased estimate can be expressed as 

the following dot product matrix computation: 

1 2

2

1 2

1

1

T

n
φ φς φ φ=

−
   (20) 

We collect the terms 
1

φ  and 
2

φ  in (20) with 

additional indexed row vectors 
3 4
, , ,

m
φ φ φ…  

appended to form a new m n×  matrix τΦ  

expressed as: 

1 2
[ , , , ]T

mτ φ φ φΦ = …  

so that each row of τΦ  corresponds to all th
i  

measurements of a particular type while each 

column corresponds to a set of th
j  

measurements from one particular trial 

condition. Thus, the covariance matrix 
τΦΓ  

can be defined as: 

,( ) (1/ )
T

i j n
τ τ τΦΓ = Φ Φ    (21) 

It should be note that the th
ij  element of (21) is 

the dot product between the vectors of the th
i  

measurement type with the vector of the th
j  

measurement type base on (20). We here some 

summarize the properties of 
τΦΓ   in (21) as 

follows: 1) 
τΦΓ  is a square symmetric m n×  

matrix; 2) the diagonal terms of 
τΦΓ  are the 

variance of particular measurement types; and 

3) the off-diagonal terms of 
τΦΓ  are the 

covariance between measurement types. 

Moreover, 
τΦΓ  captures the correlations 

between all possible pairs of measurements 

where the correlation values reflect the noise 

and redundancy in the measurements data 

types. 
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As in (17), TΘ Θ  equals the covariance 

matrix of Φ and the principal components of 

Φ  are the eigenvectors of ΧΓ .  The 

computation of the SVD of Θ  results in the 

eigenvectors of T

ΧΘ Θ = Γ  contained in the 

columns of matrix Α . This implies that: 1) 

the columns of Α  are the principal 

components of Φ ; 2) matrix Α  spans the row 

space of (1 1) TnΘ ≡ − Φ  and Α  must also span 

the column space of (1 1) TnΘ ≡ − Φ ; 3) by 

symmetry the columns of Β  produced by the 

SVD of (1 1) Tn − Φ  is also the principal 

components. 

Finally, we summarize the SVD procedure 

for obtaining the PCs of Φ  as follows: 1) 

organize the m n×  data of matrix Φ , where m  

is the number of measurements types and n  is 

the number of samples (measurement trial 

types); 2) subtract off the mean for each m  

measurement types; and 3) compute the SVD 

or the eigenvectors of the covariance matrix 

ΧΓ . 

 

B. The Formulation of the Eigenfaces 

Algorithm 

Eigenfaces are basically basis vectors for 

real faces and it is directly related to the 

Fourier analysis which reveals that the sum of 

weighted sinusoids at different frequencies 

can be recomposed back to the original signal. 

This implies that the sum of weighted 

eigenfaces can seamlessly reconstruct a 

specific face image. 

To formulate the eigenfaces algorithm, we 

convert each face image to a vector 
n

Γ  of 

length N = image width (114 pixels) 

multiplied by image height (114 pixels) which 

forms the measurement data. To increase the 

information available for the known face 

images in the database, we use 10 samples of 

each of the 48 individuals as described in 

Section II-A above. Here we denote the face  
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image samples as “face space” of dimension 

N, so that the average face image in the face 

space can be computed as follows: 

1

1 M

n

nM
ϕ

=

= Γ∑     (22) 

where M is the number of face images in the 

face space. 

The covariance matrix discussed in Section 

III-B is denoted here for the eigenfaces 

algorithm as 
E

C  of dimension N (number of 

pixels in the face images) which is expressed 

here from [11] as: 

 

1

1 1

1

1

1

var( ) cov( , )
1

cov( , ) var( )

M
T

E

NM

N N

C
M

p p p

M
p p p

η η
η

η

η

=

=

= Φ Φ

 
 

=  
 
 

∑

∑
�

� � �

�

 

 

So that T

E
C AA=    (23) 

 

where var  and cov are the variance and 

covariance of their respective arguments (see 

Corollary 1 for details on variance and 

covariance); η η ηϕΦ = Γ −  is the difference 

between each face image under consideration 

and the average of the face images in the 

database; 
1 2

[ , , , ]
M

A = Φ Φ Φ… ; and pη  is the 

pixel of face η . Thus the eigenfaces algorithm 

reduces to the evaluation of the eigenvalues of 

,
E

C  which can be computationally intensive 

due to the large value of N. 

By using the data transformation properties 

provided by the PCA just described above, the 

N-dimensional covariance matrix (23) can be 

reduced to an M-dimensional matrix 

corresponding to the number of face images in 

the database. By constructing a new M M×  

matrix L as follows: 
T

L A A=     (24) 

According to the PCA [26], since we have 

only M images; there will be only M non-

trivial eigenvectors. 
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Theorem 2: 

 

Suppose that we can define the right hand side 

of (24) as: 
T

i i i
A Av vµ=  

where 
i

µ  is scalar and 
i

v  is an eigenvector of 

L. By multiplying both sides of T

i i i
A Av vµ=  

by A , we obtain: 
T

i i i
AA Av Avµ=  

where 
i

Av  are the eigenvalues of the 

covariance matrix T
A A  (where T T

A A AA=  

from theorem of APPENDIX II). 

 

 

From Theorem 2, it is easy to see that 
i

Av  

are eigenvalues of
E

C  by (23). So that we can 

use the M eigenvectors of L in (24) to form 

the M eigenvectors u  of 
E

C  as follows: 

1

M

k k

k

u v
=

= Φ∑     (25) 

Thus, u  forms the eigenfaces basis which is a 

linearly independent basis set for the face 

space. It is evident that only M k−  eigenfaces 

are needed to produce the complete basis for 

the face space to achieve a descent 

reconstruction of the original face image using 

on few eigenfaces ( ')M ; where k is the 

number of unique individuals in the database 

of known face images, and 'M  corresponds to 

the vectors with the highest eigenvalues 

within the face space. These eigenfaces also 

represent the PCs of the face image samples. 

 

 

Corollary 2: 

 

Consider a set of vectors representing the 

weight ( )
p

w  and height ( )
p

h  components of an 

individual which can be expressed as the dot 

product of two vectors as follows [11]: 

p

p

w individual weight

h individual height

= ⋅ 


= ⋅ 

  (26) 
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Projecting a given individual onto these 

vectors should yield the individual’s weight 

and height components in other to obtain the 

closest match between the individual and the 

set of individuals available in the database of 

the face images. 

 

 

To accomplish the face recognition task, we 

begin by subtracting and projecting the mean 

of all the face images in the database onto the 

face space. According to Corollary 2, this 

corresponds to the dot product of each face 

image with one of the eigenfaces; which can 

be combined as matrices to obtain the weight 

matrix W as follows [11]: 

 

1,1 1,

',1 ',M M

w w

W

w w

η

η

 
 

=  
 
 

�

� � �

�

  (27) 

where ( )
k k new

w ηµ ϕ= Γ −  and 1, 2, , 'k M= … . 

In this way, the face image of the same 

individual can be mapped fairly close to one 

another in the face space; so that the face 

recognition problem further reduces to finding 

the minimum Euclidean distance 
k

ε  between a 

face image point 
new

Ω  and the database point 

k
Ω  which can be expressed as follows (by 

noting from (27) that 
1 2 '

[ , , , ]T

M
w w wΩ = … ): 

 
2

k new kε = Ω − Ω    (28) 

 

The combination of the distribution in (28) 

and the PCA allows for dimensional 

reduction; where only the first several 

eigenfaces represent the majority information 

in the database and the computational 

complexities becomes significantly reduced. 

As pointed out in [11], further verification 

on the decision to accept or reject the 

recognized face image can be achieved by 

considering the face space as an N-

dimensional sphere encompassing all the  
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weight vectors in the entire database; so that 

an approximate radius of the space should be 

half the distance between the furthest points in 

the sphere according to the following 

expression derived from (28): 

 

( )(1/ 2) max
threshold k

θ ε=   (29) 

 

To justify whether a new face lies within 

this radius, it is necessary to compute the 

reconstruction error ε  between the face and  

its reconstruction using M eigenfaces as 

follows: 
2

recon face recon
ε = Φ − Φ   (30) 

 

where 
1

M

recon
wη ηη

µ
=

Φ =∑  is the reconstructed 

face image. If the face image projects fairly 

well onto the face space and follows the face 

image distribution, then the error should be 

small, i.e. 
recon threshold

ε θ<  and can be compared 

with the 
threshold

θ  of the face images in the 

database. However, a non face image will 

always lie outside the radius of the face space 

(i.e.,
recon threshold

ε θ> ) and the algorithm should 

terminate as there is no point for comparing 

threshold
θ  with the face images in the database.  

Finally, the implementation of our 

eigenfaces algorithm based on an averaging 

technique where all weight vectors of a like 

individual within the database are averaged 

together. This creates a “face class” where an 

even smaller weight matrix represents the 

general faces of the entire system. When a 

new face image is introduced for recognition, 

the algorithm creates its weight vector by 

projecting the introduced face image (INFI) 

onto the face space. The INFI is then matched 

to the face class that minimizes the Euclidean 

distance based on the number of signature 

( )
sign

num  required to recognize the INFI. 

For the present study, our database has a 

total of three hundred and sixty face images,  
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composed of thirty-six individuals with ten 

images each. The averaging technique thus 

yields a weight matrix with thirty-six vectors  

(thirty-six distinct face classes). Here we 

incorporate a face image counter ( )
count

fim  

which increments if the image matches 

correctly its own face class or does not change 

if the minimum distance matches to a face 

class of another person. 

 

 

IV. IMPLEMENTATION OF THE PCA AND 

EIGENFACES ALGORITHMS FOR INFI 

RECOGNITION  

The PCA and the face recognition 

algorithms in the present study is implemented 

in such a way that the user of the algorithm is 

prompted for the INFI identify as a numerical 

number between 1 and 480 which corresponds 

to the number of face images in the database. 

If any numerical value between 1 and 360 is 

supplied, the PCA and the face recognition 

algorithms are activated. 

Initially, the principal components (PCs) of 

all the known 360 face images in the database 

were computed and stored in a database as 

image2_pca (see TABLE I). The PC of the 

INFI is then computed and compared with the 

360 known face image PCs in the database. If 

the PC of the INFI (shown in the upper 

segment of Fig. 5 (a), (b), (c), (d), (e) and (f)) 

corresponds to any PC in the PC database; the 

corresponding face image and name of the 

INFI are displayed as shown in the middle 

segment of Fig. 5 (a), (b), (c), (d), (e) and (f). 

However, if there is no corresponding PC for 

the INFI in the PC database, the comments 

shown in the middle part of Fig. 6 (a) and (b) 

are displayed (instead of Fig. 5) indicating 

non-existence of such face image in the 

database. 

Similarly, the 360 face image sample were 

converted to M-dimensional matrices and 

stored in the database of known face images 

as image1_facedb (see TABLE II). The  



 

 

PCA found Face 3!

Search for ...

and Eigenface..!

 

PCA found Face 5!

Search for ...

and Eigenface..!

 

PCA found Face 12!

Search for ...

and Eigenface..!

 
 (a)       (b)           (c) 

 

  (a)         (b)              (c) 

 
 

PCA found Face 23!

Search for ...

and Eigenface..!

 

PCA found Face 34!

Search for ...

and Eigenface..!

 

PCA found Face 36!

Search for ...

and Eigenface..!

 
  

 

 (d)        (e)           (f) 
 

Fig. 5.  The results obtained when the incoming face image (INFI) with known identity is recognized by both the PCA and the eigenfaces 

algorithms with their respective names.  
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eigenfaces algorithm is then evaluated for the 

INFI with 30,
sign

num =  projected and compared  
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to the face space. If
recon threshold

ε θ< , the INFI is 

compare to the available face images in the 

database in terms of the projected matrices on  
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No PCA equivalent value for this face.

Sorry! The PCA value for this face
 
  is not available in our database.

Search for ...

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

No Eigenface image for this face.

   Sorry! This face is not
 
recognized in our database.

    

 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

No PCA equivalent value for this face.

Sorry! The PCA value for this face
 
  is not available in our database.

Search for ...

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

No Eigenface image for this face.

   Sorry! This face is not
 
recognized in our database.

 
           (a)    (b) 
 

Fig. 6.  The result obtained when the incoming face image (INFI) with known identity is not part of the known face images in the 

database.  

 
 

 
 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Please enter a valid face number
 
between 1 and 480 at the MATLAB
 
command prompt to verify whether
 
   or/not it exist in our database
 
                THANK YOU!

 
 

Fig. 7.  The result for invalid face image identity. 
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the face space; and the first 10
count

fim =  highest 

eigenvalues that matches the INFI is selected 

to represent the INFI as shown in the lower 

segment of Fig. 5 (a), (b), (c), (d), (e) and (f).  

On the other hand if
recon threshold

ε θ> , it implies 

that the INFI is not available and there should 

be no need for comparison with face image 

samples in the database; and consequently the 

comments in the lower part of Fig. 6 (a) and 

(b) are displayed. 

The comments shown in the middle and 

lower segments were obtained for INFI with  
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numerical values ranging between 361 and 

480 which correspond to the 120 test face 

images (i.e., the last 25 % of the 480 face 

image samples) However, when numerical 

values outside the ranges 1 to 480 are used, 

the proposed algorithm responds with the 

comments shown in Fig. 7 and terminates 

automatically. 

Because the PCA and the image processing 

algorithms are computationally intensive, the 

pre-computed values of the PCs and pre-

processed face images (PPFIs) are loaded  
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only once; so that only the values of PC and 

pre-processing of the INFI is computed at all 

future instances. In this way, the comparison, 

identification and recognition process is 

enhanced in terms of speed; which suggest a 

possibility for real-time online implementation 

of our proposed technique. 

 

 

V. CONCLUSION AND RECOMMENDATION 

The variational properties of face images 

have been investigated based on numerical 

analysis. On the basis of the analysis, two 

algorithms: the principal component analysis 

and the eigenfaces algorithms have been 

proposed for efficient and enhanced optimal 

face recognition. These algorithms have been 

tested and validated with 360 known image 

face samples stored in a database and 120 

unknown face image samples that were not 

part of the database of known face images.  

The performance of the proposed algorithms 

on 480 face image samples taken under 

varying angular positions and mostly under 

low light intensity conditions demonstrates the 

efficiency and adaptability of the proposed 

algorithms in critical and unprecedented 

situations. The implementation technique 

demonstrated in this work based on face 

image identity (i.e. the prompted numerical 

values) could be likened to bank account, 

identity card or passport numbers as a means 

of personal identification to checkmate crimes 

and fraudulent activities. However, a valid 

identity number only does not guarantee 

recognition if the face is not recognized. 

The speed and accuracy of the proposed 

algorithms, based on the implementation 

strategy, show that it could be adapted for on-

line face analysis and recognition in real-time. 

Further work could be on the parallel 

implementation of the proposed algorithms on 

real-time embedded reconfigurable computing 

machines such as field programmable gate  
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arrays (FPGAs) or complex programmable 

logic devices (CPLDs) with real-time camera 

interfaced for on-line face analysis and 

recognition systems design. 

 

APPENDIX I 

Theore Theorem: The inverse of an orthogonal matrix 

is its transpose 

Proof: 

Let [ ]=
1 2 n

A a a a…  be an m n×  orthogonal 

matrix, where 
i

a is the th
i  column vector. The 

th
ij  element of TA A  is expressed as 

1
( )

0

if i j

otherwise

=
= = 



T T

ij i jA A a a  

Therefore, because =TA A I , where I  is an 

identity matrix; it follows that -1 TA = A . 

 

APPENDIX II 

Theore Theorem: For any matrix A , TA A and TAA  

are symmetric. 

Proof: 
T T TT T T

T T T TT T

(AA ) = A A = AA

(A A) = A A = A A
 

The equality of quantities in the above two 

expressions with their transpose completes 

this proof. 

 

APPENDIX III 

Theorem: A matrix is symmetric if and only if 

it is orthogonally diagonalizable. 

Proof: 

If A  is orthogonally diagonalizable, then A  

is symmetric. By hypothesis, orthogonally 

diagonalizable implies that there exist some 

matrix E  such that TA = EDE , where D  is a 

diagonal matrix and E  is some special matrix 

which diagonalizes A . So that TA  can be 

computes as follows: 
T T T TT T T TA = (EDE ) = E D E = EDE = A  

It is evident that if A  is orthogonally 

diagonalizable, it must also be symmetric. 
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APPENDIX IV 

Theorem: A symmetric matrix is diagonalized 

by a matrix of its orthonormal eigenvectors. 

Proof: 

Let A  be a square n n×  matrix with 

associated eigenvectors { , , , }
1 2 n

e e e… . Let 

{ , , , }=
1 2 n

E e e e…  where the th
i  column of E  is 

the eigenvector
i

e . This theorem asserts that 

there exists a diagonal matrix D 

where TA = EDE . 

This theorem is an extension of APPENDIX 

III. It provides a prescription of how to find 

the matrix E , the “diagonalizer” for a 

symmetric matrix. This theorem emphasizes 

that the diagonalizer is in fact a matrix of the 

original matrix’s eigenvectors. The proof is in 

two parts. 

For the first part, let A be some matrix, not 

necessary symmetric, having independent 

eigenvectors (i.e. no degeneracy). 

Furthermore, let E { , , , }=
1 2 n

e e e…  be the matrix 

of eigenvectors placed in the columns. Let D 

be a diagonal matrix where the th
i  eigenvalue 

is placed in the th
ii  position. The proof is to 

show that =AE ED . 

=

=

1 2 n

1 1 2 2 n n

AE [Ae , Ae ,…, Ae ]

ED [λ e ,λ e ,…,λ e ]
 

Evidently, if =AE ED , then ,
i

iλ= ∀
i i

Ae e . 

This equation is the definition of the 

eigenvalue equation. Therefore, it must be 

that =AE ED . Using the result of APPENDIX 

III, it is easy to see that 1( )−A = EDE . 

The second part, let 
1

λ  and 
2

λ  be distinct 

eigenvalues for eigenvectors 
1

e  and
2

e ; so 

that 

1 1

2

1 2

( ) ( )

( )

T Tλ λ

λ

λ λ

⋅ = = =

= =

∴ ⋅ = ⋅

T T

1 2 1 2 1 2 1 2

T T

1 2 1 2

1 2 1 2

e e e e Ae e e A e

e Ae e e

e e e e

 

Equating the last equation 

gives
1 2

( )λ λ− ⋅ =
1 2

e e 0 . Since we have 

conjectured that the eigenvalues are in fact  
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unique, it must be the case that ⋅ =
1 2

e e 0 . 

Therefore, the eigenvectors of a symmetric 

matrix are orthogonal. 

Following our original postulate that A is a 

symmetric matrix and by the second part of 

the proof, it can be seen that the eigenvectors 

of A are al orthonormal (we choose the 

eigenvectors to be normalized). This means 

that E is an orthogonal matrix, and by 

APPENDIX I, -1
;

T =E E  so that we can express 

the final result as ( ) T−A = EDE . Thus, a 

symmetric matrix is diagonalized by a matrix 

of its eigenvectors. 

In the first part, we see that any matrix can 

be orthogonally diagonalized if and only if the 

matrix’s eigenvectors are linearly 

independent. In the second part, it has been 

seen that a symmetric matrix has the special 

property that all of its eigenvectors are not just 

linearly dependent but also orthogonal; and 

thus, completing the proof. 
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